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BLOWING UP SOLUTIONS FOR SUPERCRITICAL YAMABE
PROBLEMS ON MANIFOLDS WITH UMBILIC BOUNDARY
MARCO G. GHIMENTI AND ANNA MARIA MICHELETTI
Abstract. We build blowing-up solutions for a supercritical perturbation of
the Yamabe problem on manifolds with umbilic boundary provided the dimen-
sion of the manifold is n ≥ 8 and that the Weyl tensor Wg is not vanishing on
∂M .
1. Introduction
Let (M, g) be a smooth compact Riemannian manifold of dimension n ≥ 3 with
a smooth boundary ∂M . A well known problem in differential geometry is whether
(M, g) can be conformally deformed in a constant scalar manifold with boundary of
constant mean curvature. When the boundary is empty this is called the Yamabe
problem (see [4, 27]) which has been completely solved by Aubin [4], Schoen [24],
and Trundinger [26]. Escobar [14] studied the problem in the context of manifolds
with boundary and gave an affirmative solution to the question in some cases. The
remaining cases were studied by Marques [21], Almaraz [1], Brendle and Chen [6],
Mayer and Ndiaye [22].
Once it is known that the problem admits solution, a natural question about the
compactness of the full set of solutions arises. Concerning the Yamabe problem,
a necessary condition is that the manifold is not conformally equivalent to the
standard sphere Sn, since the set of conformal transformation of the round sphere
is not compact. The problem of compactness has been studied by Schoen in 1988
[25] and by Brendle [5], Brendle and Marques [7], Khuri Marques and Schoen [13]
in the last years.
When the boundary of the manifold is not empty, a necessary condition is thatM
is not conformally equivalent to the standard ball Bn. Compactness for boundary
Yamabe problem has been studied firstly by Felli and Ould Ahmedou [10], Han and
Li [20], Almaraz [3].
In this context the case of scalar flat metrics is particularly interesting since it
leads to study a linear equation in the interior with a critical nonlinear Neumann-
type boundary condition
(1)
{
−∆gu+
n−2
4(n−1)Rgu = 0 on M
∂
∂νu+
n−2
2 hgu = (n− 2)u
n
n−2 on ∂M
where Rg is the scalar curvature of M , hg is the mean curvature on ∂M and ν is
the outward normal to the boundary. The geometric meaning of (1) is that if u is a
solution of (1) the scalar curvature of the conformal metric g˜ = u
4
n−2 g is zero and
the mean curvature of g˜ on the boundary of M is n − 2. The Yamabe boundary
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problem in the case of scalar flat metrics can be also seen as the multidimensional
version of the Riemann Mapping Theorem.
Concerning problem (1), Felli and Ould Ahmedou in [10] have proved compact-
ness when M is locally conformally flat and the boundary is umbilic and Almaraz
in [3] has proved compactness when n ≥ 7 and the trace free second fundamental
form is non zero everywhere on ∂M , that is any point of the boundary is non um-
bilic. In [12] Kim Musso and Wei showed that compactness continues to hold when
n = 4 and when n = 6, 7 and the trace free second fundamental form is non zero
everywhere on the boundary.
Very recently, compactness has been proved by the authors in [15] for manifold
with umbilic boundary when n > 8 and the Weyl tensor of M is everywhere non
zero on the boundary ∂M . In [17] the authors extend the compactness result to
manifold of dimension n = 6, 7, 8, when the boundary is umbilic and the Weyl
tensor of M is everywhere non zero on ∂M .
An example of non compactness is given for n ≥ 25 and manifold with umbilic
boundary in [2]. We recall that the boundary of M is called umbilic if the trace
free second fundamental form of ∂M is zero everywhere on ∂M .
Another interesting question is the stability problem. One can ask whether or not
the compactness property is preserved under perturbation of the equation. This is
equivalent to having or not uniform a priori estimates for solutions of the perturbed
problem.
In the following we consider the problem
(2)
{
Lgv = 0 on M
Bgv + (n− 2)v
n
n−2+ε = 0 on ∂M
where ε is a positive real parameter, Lg := ∆g−
n−2
4(n−1)Rg is the conformal Laplacian
and Bg = −
∂
∂ν v −
n−2
2 hg(x)v is the conformal boundary operator. In the next we
will use a(x) := n−24(n−1)Rg to simplify the notation.
We study the question of stability of the problem (1). It is clear that the problem
is not stable with respect to supercritical perturbation of the nonlinearity if we are
able to build solutions vε of the perturbed problem (2) which blow up at one point
of the manifold as the parameter ε goes to zero.
Our main result is the following
Theorem 1. Let M be a manifold of positive type with umbilic boundary ∂M .
Suppose n ≥ 8 and that the Weyl tensor Wg is not vanishing on ∂M .
Then there exists a solution vε of (2) such that vε blows up when ε→ 0
+.
Here M of positive type means that there exists C > 0 such that
Q(u) :=
∫
M
(
|∇u|2 + n−24(n−1)Rgu
2
)
dvg +
∫
∂M
n−2
2 hgu
2dσg
( ∫
∂M
|u|
2(n−1)
n−2 dσg
)n−2
n−1
≥ C for any u ∈ H1(M)r{0} .
We remark that this assumption on the positivity of Q in natural when we address
to compactness questions in Yamabe problems since if inf
u∈H1(M)r{0}
Q(u) ≤ 0, then
the solution of Yamabe problem is unique.
The stability of problem (1) with respect to the principal quantity of the bound-
ary term has been studied in a series of paper by the authors and by Pistoia, both
in the case of non umbilic boundary and in the case of umbilic boundary with Weyl
tensor non vanishing on the boundary. Firstly, they studied what happens linearly
perturbing the mean curvature term. This problem present a strong analogy to
the Yamabe problem when perturbing the scalar curvature term (see, on this topic
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[8, 9] and the references therein). In fact, we have that the set of solutions is com-
pact -and hence (1) is stable- perturbing the mean curvature from below while we
construct a blowing up sequence when the perturbation is everywhere positive on
the boundary, and for a class of perturbation which are positive in at least one
point on the boundary. The result of compactness is dealt in [16] both in umbilic
and non umbilic case while for the construction of blowing up sequences for umbilic
boundary manifold we refer to [19].
Concerning the exponent of the nonlinearity, all the compactness results hold for
p ≤ nn−2 , so the Yamabe boundary problem is stable from below with respect to
the critical exponent, while, in the present paper we have that small perturbations
above the critical exponent imply blowing up solution when n ≥ 8, the boundary
∂M is umbilic and the Weyl tensor is non vanishing on ∂M .
As a final remark, we notice that in [19] we ask that the manifold is umbilic, the
Weyl tensor is never vanishing and that n ≥ 11. The assumption on the dimension
in this paper is technical, since we ask some integrability condition when performing
the Ljapounov Schmidt procedure. In deed, in the present paper we perform more
effective computations in Lemma 6. This method could be applied verbatim in
paper [19], so we can reformulate the main result in dimension n ≥ 8.
2. Preliminaries
We recall here a series of preliminary result which are useful for our result.
Since the manifold is of positive type, then
〈〈u, v〉〉g =
∫
M
(∇gu∇gv + auv)dµg +
n− 2
2
∫
∂M
hguvdσg
is an equivalent scalar product in H1g , which induces to the equivalent norm ‖ · ‖g.
We define the exponent
sε =
2(n− 1)
n− 2
+ nε
and the Banach spaceHg := H
1(M)∩Lsε(∂M) endowed with norm ‖u‖Hg = ‖u‖g+
|u|Lsεg (∂M).By trace theorems, we have the following inclusion W
1,τ (M) ⊂ Lt(∂M)
for t ≤ τ n−1n−τ .
We recall the following result, by Nittka [23, Th. 3.14]
Remark 2. Let 2nn+2 ≤ q <
n
2 , r > 0. Then there exists a constant c such that if
f0 ∈ L
q+r(Ω), β bounded and measurable and g ∈ L
(n−1)q
n−q +r(∂Ω) and u ∈ H1(Ω)
is the unique weak solution of{
Lu = f0 on Ω
∂
∂ν u+ βu = g on ∂Ω
where L is a strictly elliptic second order operator, then
u ∈ L
nq
n−2q (Ω), u|∂Ω L
(n−1)q
n−2q (∂Ω) and
|u|
L
nq
n−2q (Ω)
+ |u|
L
(n−1)q
n−2q (∂Ω)
≤ |f0|Lq+r(Ω) + |g|
L
(n−1)q
n−q
+r
(∂Ω)
We consider i : H1(M)→ L
2(n−1)
n−2 (∂M) and its adjoint with respect to 〈〈·, ·〉〉g
i∗g : L
2(n−1)
n (∂M)→ H1(M)
defined by 〈〈
ϕ, i∗g(f)
〉〉
g
=
∫
∂M
ϕfdσg for all ϕ ∈ H
1
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so that v = i∗g(g) is the weak solution of the problem
(3)
{
−∆gv + a(x)v = 0 on M
∂
∂ν v +
n−2
2 hg(x)v = f on ∂M
.
By [23, Th. 3.14] (see Remark 2) we have that, if v ∈ H1 is a solution of (3),
then for 2nn+2 ≤ q <
n
2 and r > 0 it holds
(4) |v|
L
(n−1)q
n−2q (∂M)
= |i∗g(f)|
L
(n−1)q
n−2q (∂M)
≤ |f |
L
(n−1)q
n−q
+r
(∂M)
.
By this result, we can choose q, r such that
(5)
(n− 1)q
n− 2q
=
2(n− 1)
n− 2
+ nε and
(n− 1)q
n− q
+ r =
2(n− 1) + n(n− 2)ε
n+ (n− 2)ε
that is
q =
2n+ n2
(
n−2
n−1
)
ε
n+ 2 + 2n
(
n−2
n−1
)
ε
and r =
2(n− 1) + n(n− 2)ε
n+ (n− 2)ε
−
2(n− 1) + n(n− 2)ε
n+ (n− 2)
(
n
n−1
)
ε
.
Set fε(v) = (n − 2) (v
+)
n
n−2+ε, we have that, if v ∈ L
2(n−1)
n−2 +nε
g (∂M), then fε(v) ∈
L
2(n−1)+n(n−2)ε
n+ε(n−2)
g (∂M) and, in light of (4), also i∗g (fε(v)) ∈ L
2(n−1)
n−2 +nε
g (∂M).
Thus we can recast then Problem (2) as
(6) v = i∗g (fε(v)) , v ∈ Hg.
The problem has also a variational structure: we can associate to Problem (2)
the following functional, which is well defined on Hg.
Jε,g(v) :=
1
2
∫
M
|∇gv|
2 + av2dµg +
n− 2
4
∫
∂M
hgv
2dσg(7)
−
(n− 2)2
2(n− 1) + ε(n− 2)
∫
∂M
(
v+
) 2(n−1)
n−2 +ε dσg .
Remark 3. Since ∂M is umbilic for any q ∈ ∂M , there exists a metric g˜q = g˜,
conformal to g, g˜q = Λ
4
n−2
q gq such that
(8) |detg˜q(y)| = 1 +O(|y|
N )
(9) |h˜ij(y)| = o(|y
3|)
g˜ij(y) =δij +
1
3
R¯ikjlykyl +Rninjy
2
n(10)
+
1
6
R¯ikjl,mykylym +Rninj,ky
2
nyk +
1
3
Rninj,ny
3
n
+
(
1
20
R¯ikjl,mp +
1
15
R¯ikslR¯jmsp
)
ykylymyp
+
(
1
2
Rninj,kl +
1
3
Symij(R¯ikslRnsnj)
)
y2nykyl
+
1
3
Rninj,nky
3
nyk +
1
12
(Rninj,nn + 8RninsRnsnj) y
4
n +O(|y|
5)
(11) R¯g˜q (y) = O(|y|
2) and ∂2iiR¯g˜q (q) = −
1
6
|W¯ (q)|2
(12) R¯kl(q) = Rnn(q) = Rnk(q) = 0
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uniformly with respect to q ∈ ∂M and y ∈ Tq(M). Also,we have Λq(q) = 1 and
∇Λq(q) = 0. This results are contained in [21, 11]. Here h˜ij is the tensor of the
second fundamental form referred to the metric g˜.
The conformal Laplacian and the conformal boundary operator transform under
the change of metric g˜q = Λ
4
n−2
q gq as follows:
Lg˜qϕ = Λ
− n+2n−2
q Lg(Λqϕ)
Bg˜qϕ = Λ
− nn−2
q Bg(Λqϕ).
By these transformations we have that v := Λqu is a positive solution of (2), if and
only if u is a positive solution of
(13)
{
Lg˜qu = 0 in M
Bg˜qu+ (n− 2)Λ
ε
qu
n
n−2+ε = 0 on ∂M
From now on we set f˜ε(u) = (n− 2)Λ
ε
q (u
+)
n
n−2+ε.
Furthermore we have
〈〈Λqu,Λqv〉〉g = 〈〈u, v〉〉g˜
and, consequently,
‖Λqu‖g = ‖u‖g˜.
In addition, we have that Λqu ∈ L
sε
g if and only if u ∈ L
sε
g˜ , so Λqu ∈ Hg if and only
if u ∈ Hg˜. Finally, we can define the functional Jε,g˜ associated to (13), as
Jε,g˜(u) :=
1
2
∫
M
|∇g˜u|
2 + a˜u2dµg˜ +
n− 2
4
∫
∂M
hg˜v
2dσg˜
−
(n− 2)2
2(n− 1) + ε(n− 2)
Λq
∫
∂M
(
u+
) 2(n−1)
n−2 +ε dσg˜,
where a˜ = n−24(n−1)Rg˜ , and we get
Jε,g(Λqu) = Jε,g˜(u).
so we can always switch between metrics g and g˜ , and this will be useful in the
next. In the Section 3 we emphasize other equivalences of the same kind. As a last
remark, we notice also that a solution of (13) can be expressed by means of i∗g˜, in
fact u solves (13) if and only if
u = i∗g˜(f˜ε(u)).
3. The finite dimensional reduction.
Given q ∈ ∂M and ψ∂q : R
n
+ →M the Fermi coordinates in a neighborhood of q;
we define
Wδ,q(ξ) = Uδ
((
ψ∂q
)−1
(ξ)
)
χ
((
ψ∂q
)−1
(ξ)
)
=
=
1
δ
n−2
2
U
(y
δ
)
χ(y) =
1
δ
n−2
2
U (x)χ(δx)
where y = (z, t), with z ∈ Rn−1 and t ≥ 0, δx = y =
(
ψ∂q
)−1
(ξ) and χ is a radial
cut off function, with support in ball of radius R.
Here Uδ(y) =
1
δ
n−2
2
U
(
y
δ
)
is the one parameter family of solution of the problem
(14)
{
−∆Uδ = 0 on R
n
+;
∂Uδ
∂t = −(n− 2)U
n
n−2
δ on ∂R
n
+.
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and U(z, t) :=
1
[(1 + t)2 + |z|2]
n−2
2
is the standard bubble in Rn+.
Now, let us consider the linearized problem
(15)


−∆φ = 0 on Rn+,
∂φ
∂t + nU
2
n−2φ = 0 on ∂Rn+,
φ ∈ H1(Rn+).
and it is well know that every solution of (15) is a linear combination of the functions
j1, . . . , jn defined by .
ji =
∂U
∂xi
, i = 1, . . . n− 1 jn =
n− 2
2
U +
n∑
i=1
yi
∂U
∂yi
.(16)
Given q ∈ ∂M we define, for b = 1, . . . , n
Zbδ,q(ξ) =
1
δ
n−2
2
jb
(
1
δ
(
ψ∂q
)−1
(ξ)
)
χ
((
ψ∂q
)−1
(ξ)
)
and we decompose H1(M) in the direct sum of the following two subspaces
K˜δ,q = Span
〈
ΛqZ
1
δ,q, . . . ,ΛqZ
n
δ,q
〉
K˜⊥δ,q =
{
ϕ ∈ H1(M) :
〈〈
ϕ,ΛqZ
b
δ,q
〉〉
g
= 0, b = 1, . . . , n
}
and we define the projections
Π˜ = H1(M)→ K˜δ,q and Π˜
⊥ = H1(M)→ K˜⊥δ,q.
In order to give a good ansatz on the shape of the solution we need to introduce
the function vq : R
n
+ → R which is a solution of the linear problem
(17)
{
−∆vq =
[
1
3 R¯ijkl(q)ykyl +Rninj(q)y
2
n
]
∂2ijU on R
n
+
∂v
∂yn
= −nU
2
n−2 vq on ∂R
n
+
This function is a key tool for several estimates in what follows. In fact, a good
choice of vq we allow us to get the correct size of the remainder term in the finite
dimensional reduction (Lemma 6).
Remark 4. There exists a unique vq : R
n
+ → R solution of the problem (17) L
2(Rn+)-
ortogonal to jb for all b = 1, . . . , n. Moreover it holds
(18) |∇τvq(y)| ≤ C(1 + |y|)
4−τ−n for τ = 0, 1, 2,
(19)
∫
∂Rn+
U
n
n−2 (t, z)vq(t, z)dz = 0
and
(20)
∫
∂Rn+
vq(t, z)∆vq(t, z)dz ≤ 0,
where y ∈ Rn+, y = (t, z) with t ≥ 0 and z ∈ R
n−1. In addition, the map q 7→ vq is
in C2(∂M).
The proof of this remark can be found in [19, Lemma 3] and will be omitted.
At this point, given q ∈ ∂M we define, similarly to Wδ,q, the function
Vδ,q(ξ) =
1
δ
n−2
2
vq
(
1
δ
(
ψ∂q
)−1
(ξ)
)
χ
((
ψ∂q
)−1
(ξ)
)
and
(vq)δ (y) =
1
δ
n−2
2
vq
(y
δ
)
,
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where vq is chosen as in Remark 4.
We look for solution of (6) having the form
v = Λqu = W˜δ,q + δ
2V˜δ,q + φ˜ with φ˜ ∈ K˜
⊥
δ,q ∩H.
where we used the intuitive notation
W˜δ,q = ΛqWδ,q V˜δ,q = ΛqVδ,q and φ˜ = Λqφ
We can rewrite, in light of the previous orthogonal decomposition, Problem (6)
(and so Problem (2)) as
Π˜
{
W˜δ,q + δ
2V˜δ,q + φ˜− i
∗
g
[
fε(W˜δ,q + δ
2V˜δ,q + φ˜)
]}
= 0(21)
Π˜⊥
{
W˜δ,q + δ
2V˜δ,q + φ˜− i
∗
g
[
fε(W˜δ,q + δ
2V˜δ,q + φ˜)
]}
= 0.(22)
We stress out than we can proceed in analogous way in the manifold (M, g˜). In
this case we should define
Kδ,q = Span
〈
Z1δ,q, . . . , Z
n
δ,q
〉
K⊥δ,q =
{
ϕ ∈ H1(M) :
〈〈
ϕ,Zbδ,q
〉〉
g˜
= 0, b = 1, . . . , n
}
,
and we should ask that u = Wδ,q + δ
2Vδ,q + φ, recasting (13) as the couple of
equations
Π
{
Wδ,q + δ
2Vδ,q + φ− i
∗
g˜
[
f˜ε(Wδ,q + δ
2Vδ,q + φ)
]}
= 0(23)
Π⊥
{
Wδ,q + δ
2Vδ,q + φ− i
∗
g˜
[
f˜ε(Wδ,q + δ
2Vδ,q + φ)
]}
= 0.(24)
Roughly speaking, we are allowed to move the tilde symbol from solutions to prob-
lems and vice versa, so in any moment we can choose in which metric and with
which functional it is more convenient to work.
Coming back to problem (22), we define the linear operator L : K˜⊥δ,q ∩ Hg →
K˜⊥δ,q ∩Hg as
(25) L(φ˜) = Π˜⊥
{
φ˜− i∗g
(
f ′ε(W˜δ,q + δ
2V˜δ,q)[φ˜]
)}
,
a nonlinear term N(Φ˜) and a remainder term R as
N(φ˜) =Π˜⊥
{
i∗g
(
fε(W˜δ,q + δ
2V˜δ,q + φ˜)− fε(W˜δ,q + δ
2V˜δ,q)− f
′
ε(W˜δ,q + δ
2V˜δ,q)[φ˜]
)}(26)
R =Π˜⊥
{
i∗g
(
fε(W˜δ,q + δ
2V˜δ,q)
)
− W˜δ,q − δ
2V˜δ,q
}
,
(27)
so equation (22) becomes
L(φ˜) = N(φ˜) +R.
The rest of this section is devoted to show that for any choice of δ, q a solution φ˜
of (22) exists.
Lemma 5. Let δ = ε
1
4λ. For a, b ∈ R, 0 < a < b there exists a positive constant
C0 = C0(a, b) such that, for ε small, for any q ∈ ∂M , for any λ ∈ [a, b] and for any
φ ∈ K⊥δ,q ∩H there holds
‖Lδ,q(φ)‖H ≥ C0‖φ‖H.
Proof. The proof of this Lemma is very similar to the proof of [18, Lemma 2] and
will be omitted. 
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Lemma 6. It holds
‖R‖Hg =
{
δ−O
+(ε)
{
O
(
δ3 log δ
)
+O(ε log δ) +O(ε)
}
if n = 8
O
(
δ3
)
+ δ−O
+(ε) {O(ε log δ) +O(ε)} if n > 8
where 0 < O+(ε) < Cε for some positive constant C. In addition, with the choice
δ = ε
1
4 λ we have that
‖R‖Hg =


O
(
ε
3
4 log ε
)
if n = 8
O
(
ε
3
4
)
if n > 8
.
Proof. Step 1. It holds
(28) ‖R‖g =
{
O
(
δ3 log δ
)
+O(ε log δ) +O(ε) if n = 8
O
(
δ3
)
+O(ε log δ) +O(ε) if n > 8
We have
‖R‖g ≤
∥∥∥i∗g (fε(W˜δ,q + δ2V˜δ,q))− i∗g (f0(W˜δ,q + δ2V˜δ,q))∥∥∥
g
+
∥∥∥i∗g (f0(W˜δ,q + δ2V˜δ,q))− W˜δ,q − δ2V˜δ,q∥∥∥
g
,
and we start by estimating the second term. By definition of i∗g there exists Γ =
i∗g
(
f0(W˜δ,q + δ
2V˜δ,q)
)
, that is a function Γ solving
(29)
{
−∆gΓ + a(x)Γ = 0 on M
∂
∂νΓ +
n−2
2 hg(x)Γ = f0(W˜δ,q + δ
2V˜δ,q) on ∂M
.
So we have∥∥∥i∗g (f0(W˜δ,q + δ2V˜δ,q)− W˜δ,q − δ2V˜δ,q∥∥∥2
g
= ‖Γ− W˜δ,q − δ
2V˜δ,q‖
2
g
=
∫
M
[
−∆g(Γ− W˜δ,q − δ
2V˜δ,q) + a(Γ− W˜δ,q − δ
2V˜δ,q)
]
(Γ− W˜δ,q − δ
2V˜δ,q)dµg
+
∫
∂M
hg(Γ− W˜δ,q − δ
2V˜δ,q)
2dσg
+
∫
∂M
[
∂
∂ν
(Γ− W˜δ,q − δ
2V˜δ,q)
]
(Γ− W˜δ,q − δ
2V˜δ,q)dσg
=
∫
M
[
∆g(W˜δ,q + δ
2V˜δ,q)− a(W˜δ,q + δ
2V˜δ,q)
]
(Γ− W˜δ,q − δ
2V˜δ,q)dµg
−
∫
∂M
hg(W˜δ,q + δ
2V˜δ,q)(Γ− W˜δ,q − δ
2V˜δ,q)dσg
+
∫
∂M
[
f0(W˜δ,q + δ
2V˜δ,q)−
∂
∂ν
(W˜δ,q + δ
2V˜δ,q)
]
(Γ− W˜δ,q − δ
2V˜δ,q)dσg
=: I1 + I2 + I3.
We have
I2 =
∫
∂M
hg˜(Wδ,q + δ
2Vδ,q)(Λ
−1
q R)dσg˜
≤ C|hg˜(Wδ,q + δ
2Vδ,q)|
L
2(n−1)
n
g˜ (∂M)
‖Λ−1q R‖g˜
Set Bn−11/δ =
{
z ∈ Rn−1, |z| ≤ 1/δ
}
, we have
|hg˜(Wδ,q + δ
2Vδ,q)|
L
2(n−1)
n
g˜ (∂M)
= O(δ)
∣∣hg˜(δz)(U(z)− δ2vq(z))∣∣
L
2(n−1)
n (Bn−1
1/δ
)
.
BLOWING UP SOLUTIONS FOR SUPERCRITICAL YAMABE BOUNDARY PROBLEMS 9
Since z ≤ 1/δ we have that δ(1 + |z|) = O(1). We recall that |∇τvq(y)| ≤ C(1 +
|y|)4−τ−n by (18) and that |∇τU(y)| ≤ C(1 + |y|)2−τ−n for τ = 0, 1, 2. By 9 we
have also that hg˜q (q) = hg˜q,i(q) = hg˜q,ik(q) = 0, so,
|hg˜(Wδ,q + δ
2Vδ,q)|
L
2(n−1)
n
g˜ (∂M)
= O(δ)
∣∣hg˜(δz)(1 + |z|)2−n∣∣
L
2(n−1)
n (Bn−1
1/δ
)
= O(δ3)
∣∣|z|2(1 + |z|)2−n∣∣
L
2(n−1)
n (Bn−1
1/δ
)
= O(δ3),(30)
since |z|2(1+|z|)2−n ≤ (1+|z|)4−n and
∣∣(1 + |z|)4−n∣∣
L
2(n−1)
n (Bn−1
1/δ
)
is bounded when
n > 8 or
∣∣(1 + |z|)4−n∣∣
L
2(n−1)
n (Bn−1
1/δ
)
= O(log δ) when n = 8. Thus
I2 = O(δ
3)‖Λ−1q R‖g˜ =
{
O(δ3 log δ)‖R‖g if n = 8
O(δ3)‖R‖g if n > 8
.
For I1 we proceed in a similar way, having
I1 =
∫
M
[
∆g˜(Wδ,q + δ
2Vδ,q)− a˜(Wδ,q + δ
2Vδ,q)
]
(Λ−1q R)dµg˜
≤
∣∣∆g˜(Wδ,q + δ2Vδ,q)− a˜(Wδ,q + δ2Vδ,q)∣∣
L
2n
n+2
g˜ (M)
‖Λ−1q R‖g˜.
Set Bn1/δ = {z ∈ R
n, |z| ≤ 1/δ}. By [21, page 1609], we have Rg˜(0) = 0, so we get∣∣a˜(Wδ,q + δ2Vδ,q)∣∣
L
2n
n+2
g˜ (M)
= O(δ2)
∣∣Rg˜(δx)(U(x) + δ2vq(x))∣∣
L
2n
n+2
g˜ (B
n
1/δ
)
O(δ3)
∣∣|x|(1 + |x|)2−n∣∣
L
2n
n+2
g˜ (B
n
1/δ
)
=
{
O(δ3 log δ) if n = 8
O(δ3) if n > 8
since
∣∣(1 + |x|)3−n∣∣
L
2n
n+2
g˜ (B
n
1/δ
)
is bounded when n > 8 and
∣∣(1 + |x|)3−n∣∣
L
2n
n+2
g˜ (B
n
1/δ
)
=
O(log δ) when n = 8.
For the Laplacian term, in local charts we have
∆g˜q = ∆euc + [g˜
ij
q (y)− δij ]∂
2
ij
+
[
∂ig˜
ij
q (y) +
g˜ijq (y)∂i|g˜q|
1
2 (y)
|g˜q|
1
2 (y)
]
∂j +
∂n|g˜q|
1
2 (y)
|g˜q|
1
2 (y)
∂n.
Thus by the expansion of the metric given in (8), (10) and since vq solves (17) and
∆eucU = 0, we have that
(31)
∣∣∆g˜(Wδ,q + δ2Vδ,q)∣∣
L
2n
n+2
g˜ (M)
= O(1)
∣∣∆g˜(U + δ2vq)∣∣
L
2n
n+2 (Bn
1/δ
)
= O(1)
∣∣∣∣∣∆U + [g˜ijq (δx) − δij ]∂2ijU + δ2∆eucvq + δ2[g˜ijq (δx)− δij ]∂2ijvq
+
[
∂ig˜
ij
q (δx) +
g˜ijq (δx)∂i|g˜q|
1
2 (δx)
|g˜q|
1
2 (δx)
]
∂j(U+δ
2vq)+
∂n|g˜q|
1
2 (δx)
|g˜q|
1
2 (δx)
∂n(U+δ
2vq)
∣∣∣∣∣
L
2n
n+2 (Bn
1/δ
)
= O(1)
∣∣δ3|x|3∂2ijU + δ4|x|2∂2ijvq + δ3|x|2∂j(U + δ2vq) + δ3|x|2∂n(U + δ2vq)∣∣L 2nn+2 (Bn
1/δ
)
= O(1)
∣∣δ3(1 + |x|)3−n + δ4(1 + |x|)4−n∣∣
L
2n
n+2 (Bn
1/δ
)
= O(δ3)
∣∣(1 + |x|)3−n∣∣
L
2n
n+2 (Bn
1/δ
)
=
{
O(δ3 log δ) if n = 8
O(δ3) if n > 8
,
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and we conclude that
I1 =
{
O(δ3 log δ)‖R‖g if n = 8
O(δ3)‖R‖g if n > 8
.
For the last integral I3 we have
I3 ≤C
∣∣∣∣(n− 2) ((Wδ,q + δ2Vδ,q)+) nn−2 − ∂∂ν (Wδ,q + δ2Vδ,q)
∣∣∣∣
L
2(n−1)
n
g˜ (∂M)
‖R‖g
≤C(n− 2)
∣∣∣∣((Wδ,q + δ2Vδ,q)+) nn−2 − (Wδ,q) nn−2 − δ2 ∂∂ν Vδ,q
∣∣∣∣
L
2(n−1)
n
g˜ (∂M)
‖R‖g
+ C
∣∣∣∣(n− 2) (Wδ,q) nn−2 − ∂∂νWδ,q
∣∣∣∣
L
2(n−1)
n
g˜ (∂M)
‖R‖g .(32)
Since U is a solution of (14) one can easily obtain
(33)
∣∣∣∣(n− 2) (Wδ,q) nn−2 − ∂∂νWδ,q
∣∣∣∣
L
2(n−1)
n
g˜ (∂M)
= O(δ3).
Finally we have, using (17), and expanding
(
(U + δ2vδ,q)
+
) n
n−2 near U ,
(34)
∣∣∣∣((Wδ,q + δ2Vδ,q)+) nn−2 − (Wδ,q) nn−2 − δ2 ∂∂ν Vδ,q
∣∣∣∣
L
2(n−1)
n
g˜ (∂M)
= O(1)
∣∣∣∣((U + δ2vδ,q)+) nn−2 − U nn−2 − δ2 ∂∂ν vq
∣∣∣∣
L
2(n−1)
n (Bn−1
1/δ
)
= O(δ2)
∣∣∣((U + θδ2vδ,q)+) 2n−2 vq − U nn−2 vq∣∣∣
L
2(n−1)
n (Bn−1
1/δ
)
.
By the decay estimates (18) we have that U + θδvq > 0 in B
n−1
1/δ provided δ small
enough. So, expanding again we have
(35) O(δ2)
∣∣∣((U + θδ2vδ,q)+) 2n−2 vq − U nn−2 vq∣∣∣
L
2(n−1)
n (Bn−1
1/δ
)
= O(δ3)
∣∣∣∣δ ((U + θ1δ2vδ,q)+) 4−nn−2 v2q
∣∣∣∣
L
2(n−1)
n (Bn−1
1/δ
)
= O(δ3)
∣∣∣δ (1 + |y|)4−n∣∣∣
L
2(n−1)
n (Bn−1
1/δ
)
= O(δ3)
∣∣∣(1 + |y|)3−n∣∣∣
L
2(n−1)
n (Bn−1
1/δ
)
= O(δ3)
since n ≥ 8 and we get I3 = O(δ
3) ‖R‖g and, consequently,∥∥∥i∗g (f0(W˜δ,q + δ2V˜δ,q)− W˜δ,q − δ2V˜δ,q∥∥∥2
g
= O(δ3)‖R‖g.
To conclude the first part of the proof we estimate the term∥∥∥i∗g (fε(W˜δ,q + δ2V˜δ,q))− i∗g (f0(W˜δ,q + δ2V˜δ,q))∥∥∥
g
It is useful to recall the following Taylor expansions with respect to ε
Uε = 1 + ε lnU +
1
2
ε2 ln2 U + o(ε2)(36)
δ−ε
n−2
2 = 1− ε
n− 2
2
ln δ + ε2
(n− 2)2
8
ln2 δ + o(ε2 ln2 δ)(37)
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We have that, recalling that Λq(0) = 0,
(38)
∥∥∥i∗g (fε(W˜δ,q + δ2V˜δ,q)− i∗g (f0(W˜δ,q + δ2V˜δ,q)∥∥∥
g
=
∥∥∥i∗g˜ (f˜ε(Wδ,q + δ2Vδ,q)− i∗g˜ (f0(Wδ,q + δ2Vδ,q)∥∥∥
g˜
≤ C
∣∣∣Λεq (Wδ,q + δ2Vδ,q) nn−2+ε − (Wδ,q + δ2Vδ,q) nn−2 ∣∣∣
L
2(n−1)
n
g˜ (∂M)
= O(1)
∣∣∣Λεq(δy) (U + δ2vq) nn−2+ε − (U + δ2vq) nn−2 ∣∣∣
L
2(n−1)
n (Bn−1
1/δ
)
= O(1)
∣∣∣∣
(
Λεq(δy)
δε
n−2
2
(U + δ2vq)
ε − 1
)
(U + δ2vq)
n
n−2
∣∣∣∣
L
2(n−1)
n (Bn−1
1/δ
)
≤ O(1)
∣∣∣∣
(
−
n− 2
2
ε ln δ + ε ln(U + δ2vq) +O(ε
2 ln δ)
)
U
n
n−2
∣∣∣∣
L
2(n−1)
n (Bn−1
1/δ
)
= O(ε log δ) +O(ε),
and we have proved (28).
Step 2. It holds
(39) |Rε,δ,q|Lsε (∂M) =
{
δ−O
+(ε)
{
O
(
δ3 log δ
)
+ O(ε log δ) +O(ε)
}
if n = 8
O
(
δ3
)
+ δ−O
+(ε) {O(ε log δ) +O(ε)} if n > 8
.
As in the previous case we consider
|R|Lsεg (∂M) ≤
∣∣∣i∗g (fε(W˜δ,q + δ2V˜δ,q)) − i∗g (f0(W˜δ,q + δ2V˜δ,q))∣∣∣
Lsεg (∂M)
+
∣∣∣i∗g (f0(W˜δ,q + δ2V˜δ,q))− W˜δ,q(x)− δ2V˜δ,q∣∣∣
Lsεg (∂M)
and we start estimating the second term. Taking again Γ = i∗g (f0(Wδ,q + δVδ,q) the
solution of (29), the function Γ−Wδ,q − δVδ,q solves the problem

−∆g(Γ− W˜δ,q − δ
2V˜δ,q) + a(x)(Γ− W˜δ,q − δ
2V˜δ,q)
= −∆g(W˜δ,q + δ
2V˜δ,q) + a(x)(W˜δ,q + δ
2V˜δ,q) on M
∂
∂ν (Γ− W˜δ,q − δ
2V˜δ,q) = f0(W˜δ,q + δ
2V˜δ,q)−
∂
∂ν (W˜δ,q + δ
2V˜δ,q) on ∂M
.
We choose q =
2n+n2(n−2n−1 )ε
n+2+2n(n−2n−1 )ε
and r = ε, so, by Remark 2, we get
|Γ− W˜δ,q − δ
2V˜δ,q|Lsεg (∂M) ≤| −∆g(W˜δ,q + δ
2V˜δ,q) + a(x)(W˜δ,q + δ
2V˜δ,q)|Lq+εg (M)
+
∣∣∣∣f0(W˜δ,q + δ2V˜δ,q)− ∂∂ν (W˜δ,q + δ2V˜δ,q)
∣∣∣∣
L
(n−1)q
n−q
+ε
g (∂M)
.
We remark that with our choice we can write q = 2nn+2 +O
+(ε), 1q+ε =
n+2
2n −O
+(ε)
and (n−1)qn−q + ε =
2(n−1)
n +O
+(ε) where 0 < O+(ε) < Cε for some positive constant
C.
We proceed as in the first part, obtaining
|a(x)(W˜δ,q + δ
2V˜δ,q)|Lq+εg (M) = O
(
δ3−O
+(ε)
) ∣∣(1 + |x|)3−n∣∣
L
2n
n+2
+O+(ε)
g˜ (B
n
1/δ
)
.
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At this point we have that, if n > 8,
∣∣(1 + |x|)3−n∣∣
L
2n
n+2
+O+(ε)
g˜ (B
n
1/δ
)
= O(1), while,
if n = 8,
∣∣(1 + |x|)3−n∣∣
L
2n
n+2
+O+(ε)
g˜ (B
n
1/δ
)
= O
(
δ−O
+(ε) log δ
)
. So we get
|a(x)(W˜δ,q + δ
2V˜δ,q)|Lq+εg (M) =
{
O
(
δ3−O
+(ε) log δ
)
if n = 8
O
(
δ3
)
if n > 8
.
In the same spirit one can check that
| −∆g(W˜δ,q + δ
2V˜δ,q)|Lq+εg (M) =
{
O
(
δ3−O
+(ε) log δ
)
if n = 8
O
(
δ3
)
if n > 8
;
∣∣∣∣f0(W˜δ,q + δ2V˜δ,q)− ∂∂ν (W˜δ,q + δ2V˜δ,q)
∣∣∣∣
L
(n−1)q
n−q
+ε
g (∂M)
=
{
O
(
δ3−O
+(ε) log δ
)
if n = 8
O
(
δ3
)
if n > 8
.
To finish the proof we estimate∣∣∣i∗g (fε(W˜δ,q + δ2V˜δ,q))− i∗g (f0(W˜δ,q + δ2V˜δ,q))∣∣∣
Lsεg (∂M)
Again, by Remark 2, we have∣∣∣i∗g (fε(W˜δ,q + δ2V˜δ,q)) − i∗g (f0(W˜δ,q + δ2V˜δ,q))∣∣∣
Lsεg (∂M)
≤
∣∣∣fε(W˜δ,q + δ2V˜δ,q)− f0(W˜δ,q + δ2V˜δ,q)∣∣∣
L
2(n−1)
n
+O+(ε)
g (∂M)
and, proceeding as in (38) we obtain∣∣∣fε(W˜δ,q + δ2V˜δ,q)− f0(W˜δ,q + δ2V˜δ,q)∣∣∣
L
2(n−1)
n
+O+(ε)
g (∂M)
= δ−O
+(ε) {O(ε |ln δ|) +O(ε)} ,
and we have proved (39).
The last claim follows by direct computation. 
Proposition 7. Let δ = λε
1
4 For a, b ∈ R, 0 < a < b there exists a positive constant
C = C(a, b) such that, for ε small, for any q ∈ ∂M and for any λ ∈ [a, b] there
exists a unique φδ,q which solves (21) with
‖φδ,q‖Hg =


O
(
ε
3
4 log ε
)
if n = 8
O
(
ε
3
4
)
if n > 8
.
Moreover the map q 7→ φδ,q is a C
1(∂M,Hg) map.
Proof. First we prove that the nonlinear operator N defined (26) is a contraction
on a suitable ball of H. Recalling that
‖N(φ1)−N(φ2)‖H = ‖N(φ1)−N(φ2)‖H + |N(φ1)−N(φ2)|Lsε (∂M)
we estimate the two right hand side terms separately.
By the continuity of i∗ : L
2(n−1)
n (∂M)→ H , and by Lagrange theorem we have
‖N(φ1)−N(φ2)‖H
≤ ‖(f ′ε (Wδ,q + θφ1 + (1− θ)φ2 + δVδ,q)− f
′
ε(Wδ,q + δVδ,q)) [φ1 − φ2]‖
L
2(n−1)
n (∂M)
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and, since |φ1 − φ2|
2(n−1)
n ∈ L
n
n−2 (∂M) and |f ′ε(·)|
2(n−1)
n ∈ L
n
2 (∂M), we have
‖N(φ1)−N(φ2)‖H
≤ ‖(f ′ε (Wδ,q + θφ1 + (1− θ)φ2 + δVδ,q)− f
′
ε(Wδ,q) + δVδ,q)‖
L
2(n−1)
2 (∂M)
‖φ1−φ2‖H
= γ‖φ1 − φ2‖H
where we can choose
γ := ‖(f ′ε (Wδ,q + θφ1 + (1 − θ)φ2 + δVδ,q)− f
′
ε(Wδ,q + δVδ,q))‖
L
2(n−1)
n−2 (∂M)
< 1,
provided ‖φ1‖H and ‖φ2‖H sufficiently small.
For the second term we argue in a similar way and, recalling that, by (4),
|i∗(g)|Lsε (∂M) ≤ |g|
L
2(n−1)+n(n−2)ε
n+(n−2)ε (∂M)
, we have
|N(φ1)−N(φ2)|Lsε (∂M)
≤ |(f ′ε (Wδ,q + θφ1 + (1− θ)φ2 + δVδ,q)− f
′
ε(Wδ,q + δVδ,q)) [φ1 − φ2]|
L
2(n−1)+n(n−2)ε
n+(n−2)ε (∂M)
Since φ1, φ2,Wδ,qVδ,q ∈ L
sε we have that |φ1 − φ2|
2(n−1)+n(n−2)ε
n+(n−2)ε ∈ L
n+(n−2)ε
n−2 (∂M)
and |f ′(·)|
2(n−1)+n(n−2)ε
n+(n−2)ε ∈ L
n+(n−2)ε
2+(n−2)ε (∂M). So we conclude as above that we can
choose |φ1|Lsε (∂M), |φ2|Lsε (∂M) sufficiently small in order to get
|N(φ1)−N(φ2)|Lsε (∂M) ≤ γ |φ1 − φ2|Lsε (∂M) .
So
‖N(φ1)−N(φ2)‖H ≤ γ‖φ1 − φ2‖H
with γ < 1, provided ‖φ1‖H, ‖φ2‖H small enough.
With the same strategy it is possible to prove that if ‖φ‖H is sufficiently small
there exists γ¯ < 1 such that ‖N(φ)‖H ≤ γ¯‖φ‖H.
At this point, recalling Lemma 5 and Lemma 6, it is not difficult to prove that
there exists a constant C > 0 such that, if n > 8 and ‖φ‖H ≤ Cε
3
4 then the map
T (φ) := L−1(N(φ) +R)
is a contraction from the ball ‖φ‖H ≤ Cε
3
4 in itself. We proceed analogously for
n = 8 and we get the first claim by the Contraction Mapping Theorem. The
regularity claim can be proven via the Implicit Function Theorem. 
4. The reduced problem
For any choice of (δ, q) Proposition 7 states the we can solve the infinite dimen-
sional problem (22). Now, set δ = λε
1
4 , we look for a critical point for the functional
Jε,g having the form W˜
λε
1
4 ,q
+ λ2ε
1
2 V˜
λε
1
4 ,q
+ φ˜
λε
1
4 ,q
.We define the function
Iε(λ, q) : = Jε,g
(
W˜
λε
1
4 ,q
+ λ2ε
1
2 V˜
λε
1
4 ,q
+ φ˜
λε
1
4 ,q
)
Iε :[a, b]× ∂M → R
Which will useful in the next
Lemma 8. Assume n ≥ 8 and δ = λε
1
4 . It holds∣∣∣Iε(λ, q) − Jε,g (W˜
λε
1
4 ,q
+ λ2ε
1
2 V˜
λε
1
4 ,q
)∣∣∣
≤
∥∥∥φ˜
λε
1
4 ,q
∥∥∥2
Hg
+ C
(
ε |log ε|+ ε
1
2
) ∥∥∥φ˜
λε
1
4 ,q
∥∥∥
Hg
= o(ε)
C0-uniformly for q ∈ ∂M and λ in a compact set of (0,+∞).
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The proof of this result is similar to prove of [19, Lemma 6] and will be postponed
in the Appendix
At this point we can prove the main result of this section.
Proposition 9. Assume n ≥ 8 and δ = λε
1
4 . It holds
Jε(W˜
λε
1
4 ,q
+ λ2ε
1
2 V˜
λε
1
4 ,q
) = A+B(ε) + ελ4ϕ(q) + Cε lnλ+ o(ε),
C0-uniformly for q ∈ ∂M and λ in a compact set of (0,+∞), where
A =
1
2
∫
Rn+
|∇U(t, z)|2dtdz −
(n− 2)2
2(n− 1)
∫
Rn−1
U(0, z)
2(n−1)
(n−2) dz
B(ε) =ε
[
(n− 2)3
2(n− 1)
∫
Rn−1
U
2(n−1)
n−2 (z, 0)dz −
(n− 2)2
2(n− 1)
∫
Rn−1
U
2(n−1)
n−2 (z, 0) lnU(z, 0)dz
]
− ε| ln ε|
(n− 2)3
16(n− 1)
∫
Rn−1
U
2(n−1)
n−2 (z, 0)dz
ϕ(q) =
1
2
∫
Rn+
vq∆vqdtdz −
n− 2
96(n− 1)
|W¯ (q)|2
∫
Rn+
|z|2U2(t, z)dtdz
−
(n− 2)(n− 8)
2(n2 − 1)
R2ninj(q)
∫
Rn+
t2|z|4
((1 + t)2 + |z|2)
n dtdz.
C =
(n− 2)3
4(n− 1)
∫
Rn−1
U
2(n−1)
n−2 dz > 0.
Proof. We write
Jε,g(W˜δ,q + δ
2V˜δ,q) = J0,g(W˜δ,q + δ
2V˜δ,q)
−
(n− 2)2
2(n− 1) + ε(n− 2)
∫
∂M
(
(W˜δ,q + δ
2V˜δ,q)
+
) 2(n−1)
n−2 +ε
dσg
+
(n− 2)2
2(n− 1)
∫
∂M
(
(W˜δ,q + δ
2V˜δ,q)
+
) 2(n−1)
n−2
dσg ,
where
J0,g(v) :=
1
2
∫
M
|∇gv|
2 + av2dµg +
n− 2
4
∫
∂M
hgv
2dσg
−
(n− 2)2
2(n− 1)
∫
∂M
(
v+
) 2(n−1)
n−2 dσg.
Since (n−2)
2
2(n−1)+ε(n−2) =
(n−2)2
2(n−1) − ε
(n−2)3
2(n−1) + o(ε) we have
Jε,g(W˜δ,q + δ
2V˜δ,q) = J0,g(W˜δ,q + δ
2V˜δ,q)
−
(n− 2)2
2(n− 1)
∫
∂M
(
(W˜δ,q + δ
2V˜δ,q)
+
) 2(n−1)
n−2 +ε
−
(
(W˜δ,q + δ
2V˜δ,q)
+
) 2(n−1)
n−2
dσg
+
[
ε
(n− 2)3
2(n− 1)
+ o(ε)
] ∫
∂M
(
(W˜δ,q + δ
2V˜δ,q)
+
) 2(n−1)
n−2 +ε
dσg .
For J0,g we proceed as in [19, Lemma 8] (see also [15]) obtaining that
J0,g(W˜δ,q + δ
2V˜δ,q) = A+ δ
4ϕ(q) + o(δ4)
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where
A =
1
2
∫
Rn+
|∇U(t, z)|2dtdz −
(n− 2)2
2(n− 1)
∫
Rn−1
U(0, z)
2(n−1)
(n−2) dz
ϕ(q) =
1
2
∫
Rn+
vq∆vqdtdz −
n− 2
96(n− 1)
|W¯ (q)|2
∫
Rn+
|z|2U2(t, z)dtdz
−
(n− 2)(n− 8)
2(n2 − 1)
R2ninj(q)
∫
Rn+
t2|z|4
((1 + t)2 + |z|2)
n dtdz.
Using again (36) and (37), proceeding similarly to (38), and recalling that δ = λε
1
4
we have
∫
∂M
(
(W˜δ,q + δ
2V˜δ,q)
+
) 2(n−1)
n−2 +ε
−
(
(W˜δ,q + δ
2V˜δ,q)
+
) 2(n−1)
n−2
dσg
=
∫
∂M
Λεq
(
(Wδ,q + δ
2Vδ,q)
+
) 2(n−1)
n−2 +ε −
(
(Wδ,q + δ
2Vδ,q)
+
) 2(n−1)
n−2 dσg˜
= (1 + o(1))
∫
|z|< 1δ
Λεq(δy)
δε
n−2
2
(
(U + δ2vq)
ε − 1
)
(U + δ2vq)
2(n−1)
n−2 dz
=
∫
Rn−1
(
−
n− 2
8
ε ln ε−
n− 2
2
ε lnλ+ ε ln(U) + o(ε)
)
U
2(n−1)
n−2 dz
=
n− 2
6
ε| ln ε|
∫
Rn−1
U
2(n−1)
n−2 dz + ε
∫
Rn−1
U
2(n−1)
n−2 ln(U)dz
−
n− 2
2
ε lnλ
∫
Rn−1
U
2(n−1)
n−2 dz + o(ε).
Finally, with the same technique,[
ε
(n− 2)3
2(n− 1)
+ o(ε)
] ∫
∂M
(
(W˜δ,q + δ
2V˜δ,q)
+
) 2(n−1)
n−2 +ε
dσ
=
[
ε
(n− 2)3
2(n− 1)
+ o(ε)
] ∫
|z|< 1δ
Λq(δy)
δε
n−2
2
(U + δvq)
2(n−1)
n−2 (U + δvq)
εdz + o(δ3)
= ε
(n− 2)3
2(n− 1)
∫
Rn−1
U
2(n−1)
n−2 + o(ε).

5. Proof of Theorem 1.
By the following result we prove that once we have a critical point of the reduced
functional Iε(λ, q), we solve Problem (2). The proof of this result is very similar to
the proof of [18, Claim (i) of Prop. 5], and we will omit it for the sake of brevity.
Lemma 10. If (λ¯, q¯) ∈ (0,+∞)× ∂M is a critical point for the reduced functional
Iε(λ, q), then the function W˜
λ¯ε
1
4 ,q¯
+ λ¯2ε
1
2 V˜
λε
1
4 ,q¯
+ φ˜
λε
1
4 ,q
is a solution of (2). Here
φ˜
λε
1
4 ,q
is defined in Proposition 7.
Lemma 11. Assume n ≥ 8 and that the Weyl tensor Wg is not vanishing on ∂M .
Then the function ϕ(q) defined in Proposition 9 is strictly negative on ∂M .
Proof. By Proposition 9 we have that
ϕ(q) =
1
2
∫
Rn+
vq∆vqdtdz − C1|W¯ (q)|
2 − (n− 8)C2R
2
ninj(q),
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where C1, C2 are positive constants. We recall (see [21, page 1618]) that when the
boundary is umbilic W (q) = 0 if and only if W¯ (q) and Rninj(q) are both zero, so,
by our assumption, we have that at least one among ¯|W (q)| and R2nlnj(q) which is
strictly positive. This, combined with (20), implies that, ϕ(q) is strictly negative
for n > 8.
When n = 8 the same strategy leads only to the weak inequality ϕ(q) ≤ 0. To
overcome this difficulty, a delicate analysis of the term
∫
Rn+
vq∆vqdtdz is needed.
An improvement of the estimate (20) is performed in [17], where the authors give
a more precise description of the function vq as a sum of an harmonic function
with explicit rational functions. This description, for n = 8, leads to the inequality,
proved in [17, Lemma 19],
∫
R8+
vq∆vqdy ≤ −C3R
2
8i8j(q),
where C3 > 0. Thus for n = 8 we have
ϕ(q) ≤ −C1|W¯ (q)|
2 − C3R
2
8i8j(q) < 0,
which completes the proof. 
Proof of Theorem 1. By Lemma 11 we have that the function ϕ(q) defined in
Proposition 9 is strictly negative on ∂M . We recall as well, that the number C
defined in the same proposition is positive. Then, defined
I : [a, b]× ∂M → R
I(λ, q) = λ2ϕ(q) + C logλ
we have that for any M < 0 there exist a, b such that
I(λ, q) < M for any q ∈ ∂M, λ 6∈ [a, b]
and
∂I
∂λ
(a, q) 6= 0,
∂I
∂λ
(a, q) 6= 0 ∀q ∈ ∂M.
Then the function I admits a absolute maximum on [a, b] × ∂M . This maximum
is also C0-stable. in other words, if (λ0, q0) is the maximum point for I, for any
function f ∈ C1([a, b]× ∂M) with ‖f‖C0 sufficiently small, then the function I + f
on [a, b]× ∂M admits a maximum point (λ¯, q¯) close to (λ0, q0).
Then, taken an ε sufficiently small, in light of Proposition 8 and Proposition
9, there exists a pair (λε, qε) maximum point for Iε(λ, q). Thus, by Lemma 10,
vε := W˜
λ¯ε
1
4 ,q¯
+ λ¯2ε
1
2 V˜
λε
1
4 ,q¯
+ φ˜
λε
1
4 ,q
∈ Hg is a solution of (2). By construction vε
blows up at qε → q0 when ε→ 0. 
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6. Appendix
Proof of Lemma 8. We have, for some θ ∈ (0, 1)
J˜ε,g˜q (Wδ,q + δ
2Vδ,q + φδ,q)− J˜ε,g˜q (Wδ,q + δ
2Vδ,q) = J˜
′
ε,g˜q (Wδ,q + δ
2Vδ,q)[φδ,q]
+
1
2
J˜ ′′ε,g˜q (Wδ,q + δ
2Vδ,q + θφδ,q)[φδ,q, φδ,q]
=
∫
M
(
∇g˜qWδ,q + δ
2∇g˜qVδ,q
)
∇g˜qφδ,q + a˜(x)
(
Wδ,q + δ
2Vδ,q
)
φδ,qdµg˜q
− (n− 2)
∫
∂M
Λεq
((
Wδ,q + δ
2Vδ,q
)+) nn−2+ε
φδ,qdσg˜q
+
n− 2
2
∫
∂M
hg˜q
(
Wδ,q + δ
2Vδ,q
)
φδ,qdσg˜q
+
1
2
∫
M
|∇g˜qφδ,q|
2 + a˜(x)φ2δ,qdµg˜q +
n− 2
4
∫
∂M
hg˜qφ
2
δ,qdσg˜q
−
n+ ε(n− 2)
2
∫
∂M
Λεq
((
Wδ,q + δ
2Vδ,q + θφδ,q
)+) 2n−2+ε
φ2δ,qdσg˜q .
Immediately we have, by definition of ‖ · ‖g˜,∫
M
|∇g˜qφδ,q|
2 + a˜φ2δ,qdµg˜q +
∫
∂M
n− 2
4
hg˜qφ
2
δ,qdσ = C‖φδ,q‖
2
g˜q = o(ε).
By Holder inequality one can easily obtain∫
M
a˜Wδ,qφδ,qdµg˜q ≤ C|Wδ,q|
L
2n
n+2
g˜
|φδ,q|
L
2n
n−2
g˜
≤ Cδ2‖φδ,q‖g˜ = o(ε)
and
δ2
∫
M
a˜Vδ,qφδ,qdµg˜q ≤ Cδ
2|Vδ,q|L2g˜ |φδ,q|L2g˜ ≤ Cδ
2‖φδ,q‖g˜ = o(ε).
In addition, notice that
((
Wδ,q + δ
2Vδ,q + θφδ,q
)+) 2n−2+ε
belongs to L
2(n−1)+n(n−2)ε
2+(n−2)ε
g˜ and
that 2
(
2(n−1)+n(n−2)ε
2+(n−2)ε
)′
= 4(n−1)+2n(n−2)ε2(n−2)+(n−1)(n−2)ε < sε, so, again by Holder inequality
we have∫
∂M
Λεq
((
Wδ,q + δ
2Vδ,q + θφδ,q
)+) 2n−2+ε
φ2δ,qdσg˜q
≤ C
(∣∣Wδ,q + δ2Vδ,q + θφδ,q∣∣ 2n−2Lsεg˜
)
‖φδ,q‖
2
g˜ = o(ε).
and by(30)∫
∂M
hg˜q (Wδ,q + δ
2Vδ,q)φδ,qdσg˜q
≤ |hg˜(Wδ,q + δ
2Vδ,q)|
L
2(n−1)
n
g˜ (∂M)
‖φδ,q‖g˜ = O(δ
3)‖φδ,q‖g˜ = o(ε).
By integration by parts we have
(40)∫
M
(
∇g˜qWδ,q + δ
2∇g˜qVδ,q
)
∇g˜qφδ,qdµg˜q = −
∫
M
∆g˜q
(
Wδ,q + δ
2Vδ,q
)
φδ,qdµg˜q
+
∫
∂M
(
∂
∂ν
Wδ,q + δ
2 ∂
∂ν
Vδ,q
)
φδ,qdσg˜q .
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and, as in (31), we get∫
M
∆g˜q
(
Wδ,q + δ
2Vδ,q
)
φδ,qdµg˜q
≤ |∆g˜q (Wδ,q + δ
2Vδ,q)|
L
2n
n+2
g˜
‖φδ,q‖g˜ = O(δ
2)‖φδ,q‖g˜ = o(ε),
and for the boundary term in (40), we have, in light of (32), (33), (34) and (35),
that∫
∂M
[(
∂
∂ν
Wδ,q + δ
2 ∂
∂ν
Vδ,q
)
− (n− 2)
((
Wδ,q + δ
2Vδ,q
)+) nn−2 ]
φδ,qdσg˜q
=
∣∣∣∣(n− 2)((Wδ,q + δ2Vδ,q)+)
n
n−2
−
∂
∂ν
Wδ,q
∣∣∣∣
L
2(n−1)
n
g˜
|φδ,q|
L
2(n−1)
n−2
g˜
= O(δ3)‖φδ,q‖g˜ = o(ε).
At this point it remains to estimate∫
∂M
[
Λεq
((
Wδ,q + δ
2Vδ,q
)+) nn−2+ε
−
((
Wδ,q + δ
2Vδ,q
)+) nn−2 ]
φδ,qdσg˜q
and we proceed as in (38) to get∫
∂M
[
Λεq
((
Wδ,q + δ
2Vδ,q
)+) nn−2+ε
−
((
Wδ,q + δ
2Vδ,q
)+) nn−2 ]
φδ,qdσg˜q
≤
∣∣∣∣Λεq ((Wδ,q + δ2Vδ,q)+)
n
n−2+ε
−
((
Wδ,q + δ
2Vδ,q
)+) nn−2 ∣∣∣∣
L
2(n−1)
n
g˜
‖φδ,q‖g˜ = o(ε),
ending the proof. 
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